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Charged particle multiplicity fluctuations in Pb-Pb collisions are studied for the events generated
using EPOS3 (hydro and hydro+cascade) at
√
sNN = 2.76 TeV. Normalized factorial moments (Fq)
have been determined in the strict sense of intermittency being a power-law behaviour of Fq with
decreasing bin size. There is no significant scaling behaviour in these moments with the decreasing
bin size or of Fq with second order normalized factorial moments, F2. The values of scaling exponent,
ν deduced for a few pT bins is greater than that of the value for the second order phase-transition
predicted by Ginzburg-Landau theory. The link in the notions of fractality is also studied. Fractal
dimensions, Dq decrease with the order of the moment q which indicates the existence of multifractal
nature of the studied events.
I. INTRODUCTION
The Quark-Gluon Plasma (QGP) after its formation
in heavy ion collisions and probably also in small sys-
tems rapidly cools into a spray of particles. This array of
partciles carry signals of QGP, its properties can be di-
rectly and indirectly measured by detectors that are en-
circling the collision point. Using various analysis tools,
one of such probes is fluctuations [1], employed to under-
stand the dynamics of particle production and the phase
changes in the matter while passing into the QGP phase
from hadronic phase. It is well known that studies of
fluctuations have prompted some considerable advances
in physics. Presence of the “large particle density” fluc-
tuations has triggered the investigation of multiplicity
fluctuations pattern in multihadron events for decreas-
ing domains of phase-space [2]. The rationale here is the
expectation that the presence of scale-invariance or self-
similarity will give us a better insight into the quark-
hadron phase transition. The manifestation of scale-
invariance and fractality is in the power-law behaviour
for scaled factorial moments of the multiplicty distribu-
tion in such phase-space domains called intermittency. If
fluctuations have dynamical origin, the underlying proba-
bility density will be reflected as intermittency behaviour.
One of the methods to identify the existence of dynam-
ical fluctuations is the study of “Normalized Factorial
Moments” (NFMs) [3] of the multiplicity distribution in
the one, two or three dimensional phase-space. Increase
of normalized factorial moments with increasing resolu-
tion in phase space is then defined as the intermittency.
The idea of intermittency has been obtained from the
theory of turbulent flow. It signifies there as a property
of turbulent fluid: vortices of fluid with different size al-
ternate in such a way that they form a self-similar struc-
ture. These vortices do not necessarily fill in the entire
volume, but they instead create an intermittent pattern
in the regions of laminar flow. This property is given by a
power-law variation of the vortex-distribution moments
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on their size. So, the self-similar nature of vortices di-
rectly creates a relation between intermittency and frac-
tality. Self-similar objects of a non-integral dimensions
are called fractals [4]. A fractal dimension is a general-
ization of an ordinary topological dimensionality to non-
integers. The anomalous fractal dimensions, that create a
contrast between topological dimensions and multifractal
dimension are small (dq = 0.01-0.1) in a one-dimensional
analysis compared to a two or three dimensional analysis.
The proposal to look for intermittency also prompts
a thorough study of phase-transition models. A very
straightforward model that offers some hint on the na-
ture of a second-order phase transition is the Ising model
in two dimensions [5]. Its intermittent behavior has
been studied both analytically and numerically [6, 7]
and the anomalous fractal dimension is found to be dq
= 1/8, independent of the order of moment, q. Based
on this finding, it has been conjectured that intermit-
tency may be monofractal in QCD second order phase
transition [8]. For first order phase transition, all dq
are zero and no intermittency would be observed. In-
termittency has also been studied in Ginzburg-Landau
theory [9], which has been accustomed to explain the
confinement of magnetic fields into fluxoids in a type-
II superconductor. A study of normalized factorial mo-
ments with decreasing phase space bins for the Ginzburg-
Landau second order formalism is carried. The anoma-
lous fractal dimension is observed not to be constant, but
follows dq/d2 = (q-1)
(ν−1), where ν is scaling exponent
which has value 1.304. ν is observed to be a universal
quantity valid for all systems describable by the GL the-
ory and it is independent of the underlying dimension or
the parameters of the model. This is of particular im-
portance for a QCD phase transition, since neither the
transition temperature nor the other important param-
eters are known there. If a signature of quark-hadron
phase transition depends on the details of the heavy-
ion collisions e.g. nuclear sizes, collision energy, trans-
verse energy, etc., even after the system has passed the
thresholds for the creation of quark-gluon plasma, such
a signature is likely to be sensitive to this theory. ν is
independent of such details, it depends only on the valid-
ity of the GL description of the phase transition for the
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2problem concerned. Here we study the scaling proper-
ties of the charged particle generation in the midrapidity
region for the various pT bins in the pT≤1.0 GeV/c re-
gion. Central events generated using EPOS3(hydro) and
EPOS3(hydro+cascade) with b≤3.5 fm using Pb–Pb col-
lisions at
√
sNN = 2.76 TeV have been studied.
The EPOS3 model [10] is introduced in Section II. The
methodology of the intermittency analysis and fractality
is given in Section III. In Section IV, observations and
results are given. Summary is given in Section V.
II. A BRIEF INTRODUCTION TO EPOS3
EPOS3 [10–13] is a hydrid Monte-Carlo event gener-
ator with a 3+1D hydrodynamical expanding system.
This model is based on flux tube initial conditions which
are generated in the Gribov-Regge multiple scattering
framework. The formalism is referred to as “Parton
based Gribov Regge Theory”, which is detailed in. An
individual scattering gives rise to a parton-ladder and is
called a Pomeron. Each parton ladder eventually shows
up as flux tubes (or strings) and is identified by a pQCD
hard process, plus initial and final state linear parton
emission. Saturation scale, Qs is employed to consider
non-linear effects. This depends upon the energy and
the number of participants attached to the pomeron un-
der consideration.
For a pomeron after multiple scatterings, the final state
partonic system has two colour flux tubes, mainly longi-
tudinal with transversely moving pieces carrying trans-
verse momentum of the hard scattered partons. Each
pomeron by virtue of its cylindrical topology has two
flux tubes. The flux tubes also expand at times and gets
fragmented into string segments of quark-antiquark pairs,
resulting in more than two flux tubes. The high string-
density areas form the “core”(bulk matter) [13] and the
low string-density areas form the “corona”. The corona
particles originate from the string decay by Schwinger’s
mechanism. In EPOS3, only the core region thermalizes,
flows and hadronizes. The core undergoes viscous hydro-
dynamic evolution and as the hadronisation temperature
(TH =168 MeV) is reached, Cooper-Frye mechanism [14]
is applied to convert the fluid into particles. For hadronic
cascade, all the hadrons participate from both core and
corona.
EPOS3 is universal and unique in the sense that it
treats pp, pA and AA scatterings with the same core-
corona procedure. With these considerations and collec-
tive like behaviours of EPOS3, it would be interesting
to investigate scaling behaviour and thus self-similarity
effect at LHC energies. We have generated event sam-
ple of 66,350 and 23,502 minimum biased events for
Pb–Pb collisions at
√
sNN = 2.76 TeV using hydro and
hydro+cascade mode of EPOS3. The charged parti-
cle pseudorapidity plot for the EPOS3(hydro) events is
shown in the Figure 1, for various centralities compared
to the ATLAS data for the same system and energy. It
can be seen that the midrapidity region (|η| ≤ 1) of our
interest, the data points from EPOS3(hydro) are close to
that of the ATLAS data points.
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FIG. 1. Charged particle pseudorapidity dependence of
EPOS3 (hydro) and EPOS3 (hydro+cascade) events gener-
ated for Pb–Pb collisions compared to the ATLAS data [15].
III. METHODOLOGY
The observation of the spike events first noticed inside
the cosmic ray interaction [16] and later in the labora-
tory [17–19] have lead to great spurt of interest in learn-
ing about intermittency behaviour in high-energy colli-
sions. Bialas and Peschanski [3, 20] have done ground-
breaking work in this discipline by theoretically formu-
lating the features of intermittency in the field of particle
physics.
Intermittency is defined as the scale-invariance of fac-
torial moments with respect to changes in the size
of phase-space cells also known as bins. For one-
dimensional phase-space of rapidity, Y with cell δy (say),
it is defined as:
Fq(δy) ∝ (δy)−φq (δy → 0). (1)
where Fq’s are the normalized factorial moments, of order
q, where q is a positive integer and takes values ≥ 2,
φq > 0 is a constant for any given q (positive integer)
and is called the “intermittency index” or “intermittency
slope”. In terms of number of bins M in the phase space,
where M ∝ 1/δ, Equation (1) ends up being written as:
Fq(M) ∝ Mφq . (2)
It has been suggested in [18, 19] that local multiplicity
fluctuations should be investigated at LHC energies by
employing the method of event factorial moments. Fac-
3torial moments where Fq can be defined in different ways.
F eq (M) =
feq (M)[
fe1 (M)
]q , (3)
with feq (M) = 〈nm(nm − 1) . . . . . . (nm − q + 1)〉e, where
〈. . . 〉e is the averaging over all bins in an eth event. This
is called horizontal averaging and nm means bin multi-
plicity of mth bin. Normalized factorial moments Fq for
all events, Nevt is then:
Fq(M) =
1
Nevt
Nevt∑
e=1
F eq (M). (4)
Fq(M) enjoys the property of filtering out statistical fluc-
tuations (or noise). The scaling of the normalized facto-
rial moments, Fq, with number of bins M as in Equa-
tion(2) is referred here as M-scaling.If intermittency is
observed, it implies the presence of scale invariance of the
density of particles or clusters and hence self-similarity.
It has been observed that the Ginzburg-Landau for-
malism [9] for second-order phase transition, Fq follows
power-law as:
Fq ∝ F βq2 , (5)
such that βq = (q − 1)νwith ν = 1.304. Equation (5) is
referred here as F-scaling. It’s validity is independent of
the scaling behaviour in Equation (2). ν is not only in-
dependent of phase space size but also of the dimensions
of the cell in phase space [21].
There exist more compilcated self-similar objects, in-
cluding differently weighted fractals [22–24] with different
non-integer dimensions. They are known as multifractals.
Multifractals [25, 26] are characterized by generalized (or
Re`nyi) dimensions (Dq) [27], that of course relies on the
rank q of the moment of the probability distribution over
these objects. Generally for multifractal, they are de-
creasing functions of q. The thought of Re`nyi dimensions
Dq generalizes the idea of fractal dimension D0 = DF , in-
formation dimension D1 and correlation dimension D2.
Consequently, Re`nyi dimension is often known as gen-
eralized dimension. The distinction between the usual
topological dimension D which is the support dimension
and the Re`nyi dimension is called the anomalous dimen-
sion or codimension
dq = 1−Dq (6)
. A relation between the exponents of factorial moments,
intermittency index (φq) and generalized moments can be
devised at low values of q as:
φq + τ(q) = (q − 1)D (7)
where the exponents are related to Re`nyi dimensions and
codimension as:
τ(q) = (q − 1)Dq and φq = (q − 1)dq (8)
Increasing dq with q is a signal of multifractal system.
In this work, intermittency along with the notion
of fractality are studied for the two-dimensional phase
space (η, φ) for the events generated using EPOS3 for
Pb–Pb collision system at
√
sNN = 2.76 TeV.
IV. ANALYSIS AND OBSERVATIONS
A two dimensional intermittency analysis in (η, φ)
phase space in different pT bins (Table I) of varying
widths is performed for two event samples for Pb–Pb col-
lision system at
√
sNN = 2.76 TeV generated using two
modes of EPOS3. Central events with impact parameter
b ≤3.5 fm have been analyzed. A total of 66,350 and
23,502 minimum-biased events are generated for EPOS3
(hydro) and EPOS3 (hydro+cascade) respectively. In
this work, charged particles (pions, kaons, protons) gen-
erated in the midrapidity region, |η| ≤ 0.8 with full φ
coverage and pT ≤ 1.0 GeV/c have been studied. The
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methodology of analysis is same as in [28] for the AMPT
model for the same system and energy. The (η,φ) phase
space in a pT bin, for an event, is divided into a M ×M
matrix such that there are a total of M2 bins. M takes
value from 2 to 32 in an interval of 2. Number of charged
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FIG. 4. lnFq vs lnF2 plots for EPOS3-hydro events.
particles, nm is then defined as the bin multiplicity in the
mth bin. Event factorial moment, F eq (M) (Equation 3)
is determined for nm ≥ q, where q = 2, 3, 4, 5 is the order
of the moment. F eq (M) are obtained for all the events
in the event sample. This gives the event factorial mo-
ment distribution and hence the Fq(M) (Equation (4))
Fq(M)’s are then studied for their dependence on M and
second order normalized factorial moments.
Dependence of Fq on M for the various pT bins in
the low pT region is studied. It is observed that for
the small pT bins with width ∆pT=0.2, the M-scaling is
absent for both hydro and hydro+cascade events (Figures
3, 6). For the wider pT bins with ∆pT ≥0.6 that is for
0.2 ≤ pT ≤ 0.8 and 0.2 ≤ pT ≤ 1.0 GeV/c, scaling of
Fq with M is observed in the lower M region followed by
staturation effects at higher M region (Figures 2 & 5).
Figures 4, 7 shows the lnFq vs lnF2 plot for the bins with
∆pT ≥ 0.6. Fq is observed to follow power law in F2 for
these two bins only. F-scaling is observed to be absent in
all other pT bins with width ∆pT≤0.6 for both the event
samples. Scaling index, ν is given by the slope for lnβq
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against ln(q−1) plot. The scaling index (ν) obtained for
the two cases are enlisted in Table (II).
The NA22 data on particle production in hadronic
collisons gives ν =1.45±0.04, heavy-ion experiments
ν =1.55±0.12 [9] and ν =1.459±0.021 [29]. However, the
average value of ν obtained here is 1.795±0.156 EPOS3
(hydro) and 1.824±0.295 EPOS3 (hydro+cascade),
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FIG. 7. lnFq vs lnF2 plots for EPOS3-hydro(with cascade)
events.
TABLE I. Transverse momentum (pT ) bins.
pT bin width (GeV/c) pT bin(GeV/c)
0.2 0.2≤pT≤0.4
0.2 0.4≤pT≤0.6
0.2 0.6≤pT≤0.8
0.2 0.8≤pT≤1.0
0.4 0.2≤pT≤0.6
0.4 0.6≤pT≤1.0
0.6 0.2≤pT≤0.8
0.8 0.2≤pT≤1.0
which is different from the universal value of ν =1.304
for the second order phase transition.
For the two pT bins in which M-scaling is observed for
the low M-region. The d′qs have been caluclated from the
intermittency index (φq). From dq, fractal dimensions
Dq are calculated and are plotted against q in Figure 8
(EPOS3 hydro) and Figure 9 (EPOS3 hydro+cascade).
Typically, these dimensions range from 0.01 to 0.1, which
means that the fractal (Re`nyi) dimensions Dq(= 1− dq)
are close to one. The Dq decays faster with increasing
order q and has similar behaviour for both the bin widths
(and in both EPOS3 modes). Decreasing Dq signals the
attribute of a multifractal system.
5TABLE II. Scaling index values of the event samples.
Event Sample pT bins(GeV/c) Value of ν
Hydro
0.2-0.8 1.839±0.190
0.2-1.0 1.751±0.122
Hydro+Cascade
0.2-0.8 1.847±0.333
0.2-1.0 1.801±0.258
2 3 4 5
q
0.998
0.999
1
1.001
qD
 0.8 GeV/c≤ 
T
 p≤ 0.2  
(a) 0.2≤ pT ≤0.8 Gev/c.
2 3 4 5
q
0.996
0.998
1
qD
 1.0 GeV/c≤ 
T
 p≤ 0.2  
(b) 0.2≤ pT ≤1.0 Gev/c.
FIG. 8. Fractal dimensions for EPOS3-hydro events.
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V. SUMMARY
Charged particles generated in Pb–Pb collisions at√
sNN = 2.76 TeV using EPOS3 model have been stud-
ied for the scaling behaviour of the spatial fluctuations
in their multiplicity distribtions. The two-dimensional
phase space (η,φ) under scrutiny is divided into M bins.
Normalized factorial moments, Fq(M) have been deter-
mined for q= 2,3,4,5. M-scaling, that is the power-law
behaviour of the Fq moments with M is not observed
explicitly in most of the pT bins. The absence of M-
scaling suggests the absence of self-similar nature of the
system under study. Dependence of Fq moments with
F2, the second order factorial has also been studied. F-
scaling is observed in two pT bins only. There is no strict
power law behaviour of Fq with decreasing bin size or of
Fq with second order factorial moment (F2) for most of
the pT bins studied here except for 0.2 ≤ pT ≤ 0.8 and
0.2 ≤ pT ≤ 1.0 GeV/c. These values of the scaling ex-
ponent are distinctly greater than the value of 1.304, the
value for second-order phase transition. Both the modes
of EPOS3 are observed to have multifractal nature of the
systems generated.
VI. DATA AVAILABILITY
The data used to support the findings of this study are
available from the corresponding author upon request.
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